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Abstract— Endmember extraction is a process to identify
the hidden pure source signals from the mixture. In the past
decade, numerous algorithms have been proposed to perform
this estimation. One commonly used assumption is the presence
of pure pixels in the given image scene, which are detected
to serve as endmembers. When such pixels are absent, the
image is referred to as the highly mixed data, for which these
algorithms at best can only return certain data points that
are close to the real endmembers. To overcome this problem,
we present a novel method without the pure pixel assumption,
referred to as the minimum volume constrained non-negative
matrix factorization (MVC-NMF), for unsupervised endmember
extraction from highly mixed image data. Two important facts
are exploited: first, the spectral data are non-negative; second,
the simplex volume determined by the endmembers is the
minimum among all possible simplexes that circumscribe the data
scatter space. The proposed method takes advantage of the fast
convergence of NMF schemes, and at the same time eliminates
the pure pixel assumption. The experimental results based on
a set of synthetic mixtures and a real image scene demonstrate
that the proposed method outperforms several other advanced
endmember detection approaches.
Index Terms— Spectral unmixing, non-negative matrix factorization, endmember, convex geometry, simplex.

I. I NTRODUCTION
Since the first launch of an earth observation satellite,
remote sensing imagery has been increasingly utilized for mineral exploration, environmental monitoring, military surveillance, etc. A common problem associated with satellite images
is the wide existence of mixed pixels [1], within which more
than one type of material is present. Thus, the measured
spectrum of a single pixel is a mixture of several ground cover
spectra known as endmembers, weighted by their fractional
abundances. Very often, to utilize the measured hyperspectral
data, one has to decompose these mixed pixels into a set of
endmember signatures and their corresponding proportions.
This process is called spectral unmixing or mixed pixel decomposition, which involves two procedures: the first and
most challenging step is to identify the endmember signatures
(endmember extraction); and the second step is to infer the
proportions of different endmembers in forming each pixel
(abundance estimation).
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During the past few decades, a great deal of endmember
extraction algorithms have been proposed [2]. Three projection
pursuit approaches are investigated, including principal component analysis (PCA) [3], independent component analysis
(ICA) [4], [5], and singular value decomposition (SVD) [6].
PCA finds a set of orthogonal vectors based on the secondorder decorrelation, which best represents the original image
data in a least squares sense. To investigate the high-order
statistics of independent sources, ICA looks for a transformation in which the data are all-order statistically independent.
And, SVD seeks the projections that best represent the image
data in a maximum power sense. All these methods have
strong mathematical foundations and fast implementations, but
they share the same problem that the extracted endmembers are
not guaranteed to be non-negative. In addition, the estimates
from PCA and SVD do not have the physical meaning of the
source signals.
Another group of algorithms exploits the strong parallelism
between the linear mixture model and the theory of convex
geometry. Under linear mixing, the observations in a hyperspectral scene are within a simplex whose vertices correspond
to the endmembers [7], [8]. In this sense, the problem of
endmember extraction is equivalent to finding the vertices of
a simplex that encloses the data cloud. There are a variety of
such approaches. For example, the minimum volume transform
(MVT) [8] finds the convex hull that circumscribes the data
cloud and then fits a simplex with the minimum volume to
it. The problem with this method is that the identification of
the convex hull is computationally prohibitive. To speed up
the process, some algorithms [9]–[11] assume the presence of
pure pixels, i.e., pixels containing only one type of endmember
materials, which correspond to the simplex vertices. Then,
the endmembers are extracted by finding the extreme-valued
pixels in the given scene.
Vertex component analysis (VCA) [11] is one of the most
advanced convex geometry-based endmember detection methods with the pure pixel assumption. Considering the variations
due to the surface topography, VCA models the data using
a positive cone, whose projection onto a properly chosen
hyperplane is a simplex with vertices being the endmembers.
After projecting the data onto the selected hyperplane, VCA
projects all image pixels to a random direction and uses the
pixel with the largest projection as the first endmember. The
other endmembers are identified by iteratively projecting data
onto a direction orthogonal to the subspace spanned by the
endmembers already determined. The new endmember is then
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selected as the pixel corresponding to the extreme projection.
Although the assumption of the presence of pure pixels
improves the algorithm efficiency, in some cases, such as when
the processing data are with low spatial resolution [12] or of
specific ground covers [13], it is not reliable to make this
assumption, especially for all endmember classes. Finding the
endmembers from such highly mixed data is therefore a more
challenging task. One solution suggested is to use the iterative
constrained endmember (ICE) method [13], which formulates
an optimization problem with an effort to minimize the reconstruction error regularized by a constraint term, i.e., the sum of
variances of the simplex vertices. Within each iteration, if the
number of pixels is N , the algorithm then involves N quadratic
programmings to estimate the abundances, which makes this
method unrealistic for large data sets. Another approach [12]
uses a finer spatial resolution image (contains pure pixels) as
the auxiliary data to derive the fractional abundances for all
image pixels. Then, the endmember signatures are estimated
using a least squares method. Although the algorithm shows
promising results, the performance highly depends on the
registration between the high and the low resolution image.
Additionally, the need of high spatial resolution data appears
as another limitation.
In recent years, non-negative matrix factorization (NMF)
[14], [15] has been applied to hyperspectral data unmixing
[16]–[18]. As will be described later, NMF finds a set of
non-negative basis vectors that approximates the original data
through linear combinations. These basis vectors thus play a
similar role as the endmembers. However, the standard NMF
algorithms do not impose any constraint on these bases except
for non-negativity, which is not sufficient enough to lead to a
well-defined problem.
In order to render better estimates, the smoothness constraint
is investigated in [18]. The algorithm follows the derivation
of the standard multiplicative rule [14] while introduces the
smoothness constraint. For each estimated endmember, it finds
the closest signature from a spectral library, and then uses
the matched laboratory signature as the final endmember. The
fractional abundance is then estimated using a constrained
least squares method. However, finding the best match from
a spectral library is not reliable due to the strong atmospheric
and environmental variations.
In this paper, we present a new constrained NMF method,
which integrates the least squares analysis and the convex
geometry model by incorporating a volume constraint into
the NMF formulation, referred to as the minimum volume
constrained NMF method (MVC-NMF). Two important facts
are exploited: first, the spectral data are non-negative; second,
the simplex volume determined by the endmembers is the
minimum among all possible simplexes that circumscribe the
data scatter space. The proposed cost function consists of two
parts. One part measures the approximation error between
the observed data and the reconstructions from the estimated
endmembers and abundances, and the other part consists of
the minimum volume constraint. We can think of these two
terms serving as two forces: the external force (minimizing the
approximation error) drives the estimation to move outward
of the data cloud; and the internal force (minimizing the

simplex volume) acts in the opposite direction by forcing the
endmembers to be as close to each other as possible. Through
experimental validations, we observe that the balance between
these two forces effectively guides the learning process to
converge to the true endmember locations.
The rest of the paper is organized as follows. In Section II,
we first introduce the linear mixing model widely adopted
in spectral unmixing analysis and give a short review of the
NMF technique. We then analyze the solution space of pixel
unmixing and NMF from a geometric point of view, which
leads to the formulation of the volume constrained NMF
method. Section III describes the problem formulation and the
learning strategies. The performance evaluation using a set of
synthetic images and a real hyperspectral scene are presented
in Sections IV and V, respectively. Section VI concludes the
paper and discusses the future work.
II. N ON - NEGATIVE M ATRIX FACTORIZATION FOR
S PECTRAL DATA A NALYSIS
As a blind source separation method, non-negative matrix
factorization has been adopted to solve the problem of mixed
pixel decomposition [16]–[18]. The motivation is straightforward, considering the non-negative property of spectral
measurement and the very similar mathematical modeling
between the spectral unmixing analysis and the non-negative
matrix factorization. In addition, we present a more informative analysis from a geometric point of view, from which we
reason the underlying principle and formulate the proposed
MVC-NMF algorithm.
A. Linear Mixing Model
In solving the spectral unmixing problem, the linear mixing
model (LMM) has gained significant popularity due to its
effectiveness and simplicity. An LMM is valid when the
endmembers are distributed as discrete patches, in which
different endmembers do not interfere with each other [2],
[19]. Mathematically, the model is given by
x = As + ²

(1)

where x ∈ Rl is an observation vector at a single pixel
with l spectral bands. A ∈ Rl×c is the material signature
matrix (source matrix) whose columns, {aj }cj=1 ∈ Rl , correspond to the spectral signatures of different endmembers,
and c is the number of endmembers. The abundance vector is
denoted by s ∈ Rc , which satisfies two physical constraints,
referred to as the abundance non-negative constraint, sj ≥
0,
Pcj = 1, 2, . . . , c, and the abundance sum-to-one constraint,
j=1 sj = 1. The possible errors and noises are taken into
account by an l-dimensional column vector ².
In most cases, it is reasonable to assume that the entire
image consists of a few number of endmembers, and all the
image pixels share the same source matrix A. Then, we can
arrange the measurement vectors at all pixel locations into the
columns of an l × N data matrix X (N is the number of
pixels), which results in the following model
X = AS

(2)
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where the columns of S ∈ Rc×N correspond to the fractional
abundances. Note that we have removed the noise term, since
it can be incorporated into A by considering the endmember
variations. When written in this form, it is evident that the
unmixing problem is to factorize the measured data matrix
into two low-rank matrices, subjected to the non-negative and
the sum-to-one constraint.

B. Non-negative Matrix Factorization
Given a non-negative matrix Y ∈ Rm×n and a positive
integer r < min(m, n), the task of non-negative matrix
factorization is to find two matrices W ∈ Rm×r and H ∈
Rr×n with non-negative elements such that
Y ≈ WH

(3)

or equivalently, the columns {yj }nj=1 are expressed as
yj ≈ Whj
m

(4)

r

where yj ∈ R , and hj ∈ R . The parameter r is the
desired rank of matrix W, and normally it is assumed to
be known a priori or can be determined based on the given
data Y. Presumably, the columns of W represent the latent
variables, i.e., physically meaningful non-negative “parts”, of
the underlying data. This nature has found NMF a wide range
of applications in data analysis, dimensionality reduction,
feature extraction and target recognition, etc. A comparison
between models in Eq. 2 and Eq. 3 clearly shows the potential
of applying NMF to decompose mixed pixels.
One natural way to solve the NMF problem is to formulate
an optimization problem by minimizing the Euclidean distance
between Y and WH [14], [15],
1
minimize f (W, H) = kY − WHk2F
(5)
2
subject to W º 0, H º 0
where the symbol º denotes componentwise inequality, i.e.,
W º 0 means wij ≥ 0 for i = 1, 2, . . . , m , j = 1, 2, . . . , r.
The operator k·kF represents the Frobenius norm given by
kY − WHk2F =

is demonstrated to be computationally simpler and converge
faster than the standard learning rules [15].
One hurdle of the NMF problem is the existence of local
minima due to the non-convexity of the objective function. It
is apparent that for any non-negative invertible matrix pair
D and D−1 , the equality WH = (WD)(D−1 H) holds.
Thus, the solution highly depends on the initialization of
specific learning strategies. The seeding algorithms using the
spherical K-Means [24] and the Fuzzy C-Means (FCM) [17]
have been demonstrated to present better performance than
random initializations. The theoretical study of conditions
resulting in unique solution based on positive cone geometry is investigated in [25]. For many applications, the nonuniqueness of solution can be alleviated by adding additional
constraints to confine the feasible solution set, such as the
smoothness constraint [18] for better spectral signatures, the
sparseness constraint [22] and the non-smoothness constraint
[26] for part-based structures. It is apparent that the imposed
constraints are application-dependent.

m X
n
X

(Yij − (W H)ij )2

(6)

i=1 j=1

For the above cost function, many learning strategies have
been proposed, which can be found in a recent comprehensive
survey paper [20]. The most popular method to solve the
optimization problem of Eq. 5 is the multiplicative rule [14],
[15]. The algorithm starts from two positive matrices, and
multiplies the elements of W and H by some positive factors
within each iteration. It has been proved that under the
multiplicative rule, the distance kY−WHk2F is monotonically
non-increasing [15].
Aiming at speeding up the convergence of the original
iterative algorithm, a projected gradient bound-constrained
optimization method is adopted in [21]. Although several
previous papers [22], [23] have used this technique, they were
lack of systematic study and comprehensive comparison with
the standard multiplicative update rule. The algorithm in [21]

C. Geometric Interpretation of NMF and Spectral Unmixing
The above algebraic analysis provides a theoretical interpretation on why the NMF technique could be used to decompose mixed pixels. In this section, we present a geometric
interpretation of NMF and spectral unmixing to visualize the
solution space for both problems. For the multivariate data,
such as hyperspectral images, each pixel can be thought of
as a point in an l-dimensional space, whose l coordinates are
given by the reflectance values at different spectral bands. The
factorizations in both Eq. 2 and Eq. 3 reveal that, except for
the original Euclidean coordinate system {ej }lj=1 ∈ Rl (only
one element of ej is 1, all the others are zeros), there exist
other sets of basis vectors {vj }cj=1 , vj º 0 in a subspace
Rc , c < l, such that all the image points can be approximated
as linear combinations of these bases. Due to the inherent
constraints involved in pixel unmixing and NMF, these vectors
possess different geometric characteristics.
As analyzed in [25], for the problem of non-negative matrix
factorization, all data points lie in a positive simplical cone
represented by
X
C = {x | x =
θj vj , θ º 0}
(7)
j

However, the extra abundance sum-to-one constraint in the
unmixing model confines the data points to reside within a
simplex,
X
S = {x | x =
θj vj , θ º 0, 1T θ = 1}
(8)
j

where θ is a column vector with its components being the
weight of the basis vectors. Fig. 1 illustrates one of the possible
cones and simplexes for the given data denoted. It is apparent
that they are not unique. For example, you can draw a number
of triangles with different vertices to circumscribe the same set
of data points. Theoretically, there exist an infinite number of
cones and simplexes containing the data cloud, since if S is a
simplex circumscribing the data, for any other simplex S̄ such
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Fig. 1. Geometric illustration of possible cones and simplexes that circumscribe the given data denoted by the dots. The circles E1 ∼ E3 can be
considered as possible endmembers.

that S ⊂ S̄, S̄ will also contain the data. Then, one immediate
and critical question would be what is the criterion for the best
simplex solution or what properties the best simplex should
possess.
In the convex geometry-based endmember extraction algorithms, the best simplex is either defined as the one that
circumscribes the data cloud and at the same time has the
minimum volume [8], or defined as the one that inscribes the
data cloud with the maximum volume [10]. It is apparent that
under the pure pixel assumption [9]–[11], the best simplex
is uniquely determined by the pure pixels, which are the
vertices of the simplex. The goal of endmember detection
is thus to identify the extreme-valued pixels from the given
image. However, if all the image pixels are highly mixed, the
identified extreme points would not be the true endmembers,
even though they are on the boundary of the data cloud and
close to the real ones. In order to find the true endmember
locations from the highly mixed data, we have to extend
the searching space outside the given data cloud. In the
meanwhile, we should keep the simplex that circumscribes
the data as compact as possible. These observations trigger
the development of the proposed algorithm by incorporating
the minimum volume constraint into the NMF technique.
III. NMF WITH M INIMUM VOLUME C ONSTRAINT
In this section, we describe the proposed minimum volume
constrained NMF algorithm. To keep the symbols consistent
during the algorithm description, we will use the model in
Eq. 2 in the rest of the paper.
A. Problem Formulation
Combining the goal of minimum approximation error with
the volume constraint, we arrive at the following constrained
optimization problem
minimize
subject to

1
kX − ASk2F + λJ(A)
2
A º 0, S º 0, 1Tc S = 1TN

f (A, S) =

(9)

where 1c (1N ) is a c (N )-dimensional column vector of
all 1’s, and J(A) is the penalty function, calculating the
simplex volume determined by the estimated endmembers.
The regularization parameter λ ∈ R is used to control the
tradeoff between the accurate reconstruction and the volume

constraint. The first term serves as the external force to drive
the search to move outward, so that the generated simplex
contains all data points with relatively small errors. The second
term serves as the internal force, which constrains the simplex
volume to be small. A solution is found when these two
forces balance each other. One of the expected advantages of
the volume constrained NMF would be the resistance to the
presence of noise. The noise normally results in a bigger data
cloud, which thereby leads to a simplex with larger volume
than the clean data, and the simplex vertices deviate from the
true endmember locations. By adding the volume constraint,
the simplex can be made not to include every data point,
particularly, the noisy pixels on the boundary. Therefore, the
algorithm would be more robust to the noise effect than the
unconstrained NMF approaches.
1) Volume Determination: In order to calculate the volume
determined by a set of points, we hereby resort to the connection between the volume and the determinant [27]. Suppose
we have c affinely independent points a1 , . . . , ac ∈ Rc−1 ,
which means that the c − 1 vectors a2 − a1 , . . . , ac − a1 are
linearly independent. The volume determined by these points
is calculated by
¡
¢¯
1 ¯¯
det [a2 − a1 . . . ac − a1 ] ¯
(10)
V =
(c − 1)!
or equivalently,
V =

¡
1 ¯¯
det
(c − 1)!

·

1
a1

···
···

1
ac

¸

¢¯
¯

(11)

Problem occurs when these c points are in an l-space, i.e.,
a1 , . . . , ac ∈ Rl (c ≤ l), as the determinant is not defined for
a non-square matrix. In this case, we make an approximation
by calculating the volume formed by a new set of points
ã1 , . . . , ãc ∈ Rc−1 , which is the low dimensional transform
of the original data; that is, we adopt PCA to reduce the
dimensionality of points a1 , . . . , ac from l to c − 1 by keeping
only the c − 1 most significant principal components.
It is true that such volume determination can rarely return
the actual volume formed by the endmembers. But recall that
the real goal of this volume term is to constrain the simplex
size as compact as possible, provided that the vertices can
approximate the given data set at a certain error tolerance. In
this sense, the computed volume is not necessarily the actual
value, as long as it approximates the real one and performs as
an internal force. The effectiveness of this constraint will be
validated by a set of experiments reported in Section IV.
2) Cost Function: For the problem of Eq. 9, the simplex
volume is determined by the c endmembers, each of which is
an l-dimensional vector (i.e., the columns of A). Then, J(A)
is formulated as
· T ¸
1
1c
)
(12)
det2 (
J(A) =
Ã
2(c − 1)!
where the matrix Ã = (ã1 , ã2 , . . . , ãc ) ∈ R(c−1)×c is a low
dimensional transform of A given by
Ã = UT (A − µ1Tc )

(13)
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The matrix U ∈ Rl×(c−1) is formed by the c − 1 most significant principal components (PCs) of data X through principal
component analysis. The column vector µ is the data mean.
Note that both the PCs and the mean vector are calculated
from X instead of A. One reason we formulate it in this
way is that the PCs of the given data points reflect important
shape information of the true simplex, thus the projection onto
this subspace reveals the similarity between the estimated and
the true simplex. In addition, from a computational efficiency
point of view, the PCs of X can be obtained through one time
calculation, while the PCs of the source matrix A need to be
recalculated constantly as A changes.
To formulate the penalty term as a function of A, we make
the following transformation. Let
· T ¸ · T ¸ · T ¸
1c
0c−1
1c
Z=
+
=
Ã
(14)
I
0
Ã
where 0 is a (c − 1) × c zero matrix, I is a (c − 1) × (c − 1)
identity matrix, and 0c−1 a (c − 1)-dimensional zero column
vector. The corresponding matrices are denoted by
· T ¸
· T ¸
1c
0c−1
C=
, B=
(15)
0
I
We then have
T

Z = C + BU (A −

µ1Tc )

(16)

Substituting the above equation into Eq. 12, and then Eq. 9,
we finalize the objective function of the proposed MVC-NMF
as
1
τ
f (A, S) = kX−ASk2F + det2 (C+BUT (A−µ1Tc )) (17)
2
2
λ
with τ = (c−1)!
, and the matrices C, B, U, and the vector µ
are constants for the given data X.

B. Optimization Algorithm Description
1) Initialization: To solve the formulated optimization
problem, the first essential step is to determine the number of endmembers involved in the mixture data, which
is always a challenge because it is closely related to the
unknown noise. In the current research, we resort to the
virtual dimensionality (VD) method [28]. The algorithm aims
at finding the minimum number of spectrally distinct signal
sources, which characterize the hyperspectral data from the
target detection and classification point of view. Based on
the Neyman-Pearson detection theory, a hypothesis test is
applied to pairs of eigenvalues of the sample covariance matrix
and the sample correlation matrix. The key is that when no
signal is present in a particular component, the corresponding
correlation eigenvalue and covariance eigenvalue should be
equal; otherwise, the covariance eigenvalue is less than the corresponding correlation eigenvalue contributed by the correlated
signals. To remove the second-order statistical correlation, a
noise whitening process is incorporated as a preprocessing
step. Although the VD method is effective, it is not guaranteed
that the estimation is 100% accurate. Therefore, the sensitivity
analysis of the proposed method to the estimated number of

endmembers is a very important issue. We will perform this
analysis in Section IV.
The next question is how to initialize matrices A and
S. As mentioned earlier, the unconstrained NMF algorithms
are sensitive to initializations due to the existence of local
optima. The algorithm performance highly depends on the
distance between the initial point and the global optimum.
In this paper, we will show that by incorporating the proposed
volume constraint, this problem is successfully mitigated. We
randomly choose c points from the given data and arrange
them as the columns of the initial A. The value of S can also
be randomly initialized. In the experiments described in this
paper, a zero matrix S is used to start the learning.
2) Learning Rules: Minimizing the objective function in
Eq. 17 with respect to both A and S is a combinatorial
optimization problem. We here resort to the alternating nonnegative least squares method [18], [21], [23]. This technique
treats the original optimization problem as two sub-problems
with the following iterative update rule,
Ak+1 = arg min f (A, Sk ) ≤ f (Ak , Sk )
A

Sk+1 = arg min f (Ak+1 , S) ≤ f (Ak+1 , Sk )

(18)

S

that is, we alternatively update one matrix, holding the other
one fixed.
For each sub-problem, the projected gradient learning [18],
[21], [22] is adopted to impose the non-negative constraint.
The method of projected gradient follows the standard gradient
learning to update. When the new estimate does not satisfy
the constraint, a projective function is used to project the point
back to the feasible set. For the non-negative constraint, we use
a simple but effective function max(0, x) to set the negative
components to zero and keep the non-negative components
unchanged. Then, the update rule is expressed as
¡
¢
Ak+1 = max 0, Ak − αk ∇A f (Ak , Sk )
¡
¢
(19)
Sk+1 = max 0, Sk − β k ∇S f (Ak+1 , Sk )
where the parameters αk and β k are the small learning rates
(stepsizes) selected based on the Armijo rule [29].
Let αo be the initial stepsize, σ ∈ (0, 21 ) be the tolerance,
and ρ ∈ (0, 1) the scaling factor that the stepsize is reduced
in very iteration. Then, the Armijo rule chooses the stepsize
as αk = ρmk αo , where mk is the first integer such that
f (Ak+1 , Sk ) − f (Ak , Sk ) ≤ σρmk αo ∇f (Ak , Sk )T (Ak+1 − Ak )

The stepsize β k is selected based on the same procedure.
Another important issue in the formulated problem is the
abundance sum-to-one constraint. This is an equality constraint
and therefore can be dealt with using the Lagrange multipliers
method with closed form solutions. In this paper, we adopt a
much simpler but effective method as in [30]. We augment the
data matrix X and the material signature matrix A by a row
of constant denoted by
·
¸
·
¸
X
A
X̃ =
,
Ã
=
(20)
δ1TN
δ1Tc
where δ is a positive number to control the effect of the sumto-one constraint. The learning of abundance S described in
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Eq. 19 takes these two augmented matrices as inputs. As δ
increases, the columns of S are forced to approach the sumto-one constraint. In order to balance between the estimation
accuracy and the convergence rate, we select a relatively small
δ, typically 10 ∼ 20, which results in abundances with the
summation varying between 0.998 and 1.002.
To implement the gradient learning, the first order derivative
∇A f (A, S) and ∇S f (A, S) need to be calculated. Since the
penalty function is independent of S, the partial derivative
∇S f (A, S) is easy to find,
∇S f (A, S) = AT (AS − X)

(21)

However, more algebraic operations need to be performed to
calculate ∇A f (A, S). Taking the partial derivative of Eq. 17
with respect to A, we first get
∂ det(Z)
(22)
∂A
where Z is defined in Eq. 16. It is known that the partial
derivative of a scalar with respect to a matrix is still a matrix,
 ∂ det(Z) ∂ det(Z)

· · · ∂ det(Z)
∂a11
∂a12
∂a1c

 ∂ det(Z) ∂ det(Z)
· · · ∂ det(Z)

∂ det(Z) 
∂a21
∂a22
∂a2c
 (23)

=
.
.
.

.
.
.
∂A


.
.
.
∂ det(Z)
∂ det(Z)
∂ det(Z)
···
∂al1
∂al2
∂alc
∇A f (A, S) = (AS − X)ST + τ det(Z)

Then, the problem is tailored to compute each element of
∂ det(Z)
∂A , which is given by
!
Ã
∂ det(Z)
−1 ∂Z
= det(Z)T r Z
(24)
∂aij
∂aij
It is easy to derive that

the proposed minimization problem, we expect the objective
function to monotonically decrease. However, in order to avoid
being trapped in local minima, we also allow certain steps of
increase of the objective value. When the number of successive
increasing steps is over a predefined value, the learning is
stopped. In addition, we include an iteration limit specified by
the prescribed maximum iteration number.
The proposed MVC-NMF approach is summarized in Algorithm 1.
Algorithm 1: Minimum volume constrained NMF
Data : Non-negative mixture data X ∈ Rl×N with each
column being an observation vector.
Result: Two non-negative matrices A ∈ Rl×c and S ∈
Rc×N with sum-to-one constraint 1Tc S = 1TN .
//Initialization
Set S = 0, i.e., a zero matrix;
Set iteration index k = 0;
Estimate the number of endmembers c;
Initialize A by randomly selecting c data points from X
to form its columns;
//main loop
while stop conditions are not met do
Ak+1 = max(0, Ak − αk ∇A f (Ak , Sk ));
Augment Ak+1 to get Ãk+1 ;
Sk+1 = max(0, Sk − β k ∇S f (Ãk+1 , Sk ));
Increase k by 1.
end

IV. E VALUATION WITH S YNTHETIC I MAGES
T

∂Z
∂BU A
=
∂aij
∂aij

(25)

Let D = BUT and Z̄ = Z−1 , through algebraic manipulations, we arrive at
Ã
!
−1 ∂Z
= z̄Tj di
(26)
Tr Z
∂aij
where z̄Tj is the jth row of Z̄, and di is the ith column of D.
Combining Eqs. 23, 24, and 26 gives
∂ det(Z)
= det(Z)(Z̄E)T = det(Z)UBT (Z−1 )T
(27)
∂A
Substitute the above equation into Eq. 22, we obtain the
gradient
∇A f (A, S) = (AS − X)ST + τ det2 (Z)UBT (Z−1 )T (28)
3) Stopping Conditions: For the NMF learning, different
stopping criteria have been exploited. The most commonly
used are the maximum iteration number and the error tolerance. Several algorithms [21], [23] choose to stop the learning
process whenever the Euclidean norm of the gradient of the
objective function is less than a threshold. Some implementations [22] use an infinite loop, which needs user interaction
to interrupt when some specific requirements are satisfied. For

In this section, we conduct a series of experiments to
demonstrate the effectiveness of the proposed MVC-NMF
using synthetic images. Note that, apart from the extracted
endmembers, MVC-NMF deduces the fractional abundance at
each pixel as a by-product. In the following, we will evaluate
both the estimated endmembers and the inferred abundances.
We compare with three existing approaches, namely VCA
[5], NMF with smoothness constraint (SCNMF) [18], and the
projected gradient NMF method (PGNMF) [21], among which
VCA is a deterministic method, and the other two are both
NMF-based statistical approaches.
Regarding VCA, since it only identifies endmembers, we
use a fully constrained least squares method, called FCLS [30],
to find the abundances. The objective of FCLS is to find the
abundance vector by minimizing the least squares error kx −
Ask2 . The algorithm integrates the constraint 1T s = 1 into
the objective function by augmenting both the matrix A with a
row vector of all 1’s and the observation x with an element of
1. In this way, the original problem is converted to the standard
non-negative constrained least squares, which is solved using a
standard active set method [31]. In the following, the combined
process of VCA and FCLS is referred to as VCA-FCLS.
For the two NMF approaches SCNMF [21] and PGNMF
[18], the sum-to-one constraint is incorporated by the same
augmenting technique as in Eq. 20. In addition, the last two
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steps of SCNMF, i.e., finding the best match from a signature
database, and calculating the abundance matrix using a least
squares method, are eliminated for fair comparison.
A. Performance Metrics
The most widely used metric to measure the shape similarity
between the true endmember signature a and its estimate â is
the spectral angle distance (SAD), which is a high dimensional
extension to the two-dimensional geometric angle expressed as
µ T
¶
a â
SAD = cos−1
(29)
kakkâk
Another metric uses an information theoretic measure,
spectral information divergence (SID) [32]. The probability
distribution vector associated with each endmember signature
is given by p = Pa aj . This vector can be used to describe
j
the variability of the spectral signature. Let p̂ denote the
probability distribution vector of the estimate â. Then, the
similarity between a and â can be measured by the relative
entropy
X
pj
D(a|â) =
pj log( )
(30)
p̂j
j
Since the relative entropy is not symmetric, the following
measure is used
SID = D(a|â) + D(â|a)

(31)

Regarding the abundance estimation, we use similar metrics
by substituting the endmember signature with the abundance
vector of each individual pixel, which gives the following two
metrics
µ T ¶
s ŝ
−1
AAD = cos
(32)
kskkŝk
and
AID = D(s|ŝ) + D(ŝ|s)

(33)

where s represents the true abundance vector of a single pixel
and ŝ the corresponding estimate. AAD and AID refer to
the abundance angle distance and the abundance information
divergence, respectively.
B. Creation of Synthetic Images
The synthetic images of size 64 × 64 are generated using
a set of spectral reflectances selected from the USGS digital
spectral library [33]. The selection of endmember signatures is
arbitrary as long as they are linearly independent. The spectral
data contain 224 spectral bands covering wavelengths from
0.38µm to 2.5µm with a spectral resolution of 10nm. To create
linear mixtures, we divide the entire image into units of 8 ×
8 small blocks. The pixels within each block are pure and
have the same type of ground cover, randomly selected as
one of the endmember classes. The resulting image is then
degraded by a spatial low pass filter to simulate an image with
mixed pixels. With this mixing method, we intend to simulate
a hyperspectral scene with endmembers arranged in discrete
patches so that a linear mixture model would be appropriate.
The low pass filter we used is a simple k × k averaging filter.

Apparently, the value of k controls the degree of mixing. In
this paper, we use a 9 × 9 filter to generate highly mixed data.
To further remove pure pixels, we replace all the pixels whose
abundance is larger than 80% with a mixture made up of all
endmembers of equal abundances; that is, each endmember
has an abundance of 1/c in the mixture.
To simulate possible errors and sensor noise, we add zero
mean Gaussian noise to the mixture data. Assuming the noise
is both spatially and spectrally uncorrelated, then the noise
covariance matrix is a diagonal matrix σ 2 I with I being an
E[xT x]
identity matrix. Define the SNR as SN R = 10 log10 E[n
T n] ,
then the noise variance is easy to determine for a particular
value of SNR, i.e., σ 2 = E[xT x]/(10SN R/10 l).
C. Algorithm Evaluation
The proposed MVC-NMF algorithm is evaluated through
six experiments. The first experiment aims to conduct an overall comparison of different methods, including an illustration
of the approximation error and the effect of the introduced
volume constraint. In the second experiment, we study the
performance dependence of the NMF-based approaches on
different methods of initializations. The third experiment is
designed to investigate the algorithm robustness to noise
corruptions. In the fourth experiment, we perform sensitivity
analysis of the proposed method to the accurate knowledge
of the number of endmembers. We then vary the number
of endmembers to create mixtures in the fifth experiment,
aiming at investigating the algorithm generalizations to data
sets with relatively large number of endmembers. In the last
experiment, we study the algorithm performance when the
given data contain pure endmember representations. In all
the experiments that follow, the quantitative measures are
obtained by averaging 20 random tests. Four endmembers are
used to create the synthetic mixtures for rapid computation
in all experiments, except when we investigate the algorithm
sensitivity to the estimated number of endmembers, and the
generalization analysis to data sets with comparatively large
numbers of endmembers. All the NMF-based methods are
initialized randomly, except when we study the performance
dependence on endmember initializations.
1) Overall comparison of different methods: In this experiment, we add 20dB white Gaussian noise to the synthetic
mixtures and perform decomposition using different methods.
The stopping criteria of PGNMF and MVC-NMF are the
same; that is, the algorithms are terminated when the iteration
number of successive increase of the objective value is greater
than 5, or the maximum iteration number, 150, is reached.
The experimental results show that these two learning processes rarely use the maximum allowable number of iterations.
Considering the low convergence of SCNMF, we allow the
maximum number of iteration to be 300. In all the tests,
the SCNMF learning ends up with very large approximation
errors at the 300th iteration, when the learning reaches its
stable state. The regularization parameter of MVC-NMF is
selected as τ = 0.01. The parameters in all the other methods
implemented in this paper follow their original work.
Fig. 2 demonstrates the experimental results, in which we
show both the mean (bar) and the standard deviation (error
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approximation error of VCA-FCLS. Note that during the first
60 iterations, PGNMF yields smaller approximation errors
than MVC-NMF and quickly converges to the stable state.
After that, MVC-NMF continues to reduce the approximation
error and converges to a state with smaller error than PGNMF.
This reveals that the PGNMF learning could be trapped in a
local minimum.
35

300

30

VCA−FCLS
PGNMF
MVC−NMF

250
TRUE
VCA
SCNMF
PGNMF
MVC−NMF

25

20

200

Error

Volume

bar). The SID value generated by MVC-NMF (Fig 2(d)) is
too small to tell, we thus label the result (mean/standard
deviation) aside its bar plot. As can be seen, MVC-NMF
produces the smallest means and standard deviations in terms
of all measurement metrics used, indicating that this approach
generates the most accurate and stable estimates. In addition,
VCA-FCLS outperforms SCNMF and PGNMF. In terms of
abundance estimation (measured by AAD and AID), SCNMF
produces the largest means although with relatively smaller
deviations than PGNMF. Regarding the endmember extraction
(measured by SAD and SID), it can be seen that the two
measures present inconsistent comparisons between SCNMF
and PGNMF. Overall, SCNMF yields smaller deviations than
PGNMF because of the use of the smoothness constraint,
which tends to stabilize the endmember solutions.

15

150

100
10
50

5

0
0

50

100

150

0
0

50

Iteration
40

(a)

6

35

AID measure

AAD measure

25
20
15

Fig. 3. Comparison of the extracted endmembers and the estimation accuracy
in terms of (a) Simplex volume (b) Approximation error.
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Fig. 2. Performance comparison in terms of different metrics (SNR=20dB)
(a) AAD (b) AID (c) SAD (d) SID.

We next fix the iteration number to 150 for the NMFbased methods and study the effect of the constrained volume
as well as the approximation error generated. In Fig. 3(a),
the two constant profiles correspond to the volume derived
by VCA and that calculated using the real endmember set,
respectively. As discussed before, VCA is deterministic and
the endmembers are chosen as the extreme points of the
given data set. Therefore, the volume determined by the VCA
estimates is smaller than that of the true endmembers. The
other three curves correspond to the results of the NMF-based
algorithms. It can be seen that during the first few iterations,
both the PGNMF and the MVC-NMF learning expand the
simplex rapidly. After that, the introduced volume constraint
in MVC-NMF effectively confines the simplex volume to
be close to the true value. However, the PGNMF learning
keeps increasing the simplex size, which is much larger than
the actual volume. And, the volume determined by SCNMF
grows very slowly as the learning goes. The approximation
error 12 kX − ASk2F is plotted in Fig. 3(b), where we only
compare the VCA-FCLS, the PGNMF, and the MVC-NMF
learning, as the SCNMF learning error is comparatively much
larger even after convergence (more than 5 times that of the
VCA-FCLS result). Again, the constant profile illustrates the

Based on the above comparisons, we observe that the
general smoothness constraint adopted in SCNMF does not
perform as well as the proposed volume constraint. In addition,
SCNMF demonstrates slow convergence rate and much larger
approximation error. Therefore, in the following experiments,
we exclude SCNMF for further comparisons and focus on
the comparative analysis between the deterministic (VCAFCLS) and the statistical (PGNMF and MVC-NMF) methods,
and between the unconstrained (PGNMF) and the constrained
(MVC-NMF) NMF approaches.
2) Dependence analysis on endmember initializations:
The purpose of this experiment is to show how different
initialization methods could affect the NMF learning process.
We study two methods for the endmember initialization, i.e.,
random initialization and the use of the endmembers identified
by VCA. The experimental results are shown in Fig. 4,
where we display the deterministic results of VCA-FCLS,
and the measures of PGNMF and MVC-NMF with different
initialization schemes. One immediate observation we made
is that no matter which initialization methods are used, the
proposed MVC-NMF always generates the smallest means and
standard deviations. In addition, PGNMF outperforms VCAFCLS when initialized with the endmembers estimated by
VCA, which, however, is not the case when using random
initializations. Another important observation is that MVCNMF is less sensitive to the selection of the initial points
compared to PGNMF. This observation leads to the conclusion
that the introduced volume constraint effectively confines the
solution space and converts the original ill-posed problem to
a well-posed one.
3) Robustness analysis to noise corruptions: In this experiment, a comparative analysis on the issue of algorithm
sensitivity to noise is studied by simulating synthetic data with
different noise levels. The SNR is varied to be 15dB, 25dB,
45dB, and infinity (no noise is added). From the previous
results, we see that the angle distance and the information
divergence metrics give similar comparison trend. It has also
been shown that the information divergence measure is more
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Fig. 4. Performance comparison when PGNMF and MVC-NMF take random
and VCA initializations (SNR=10dB) (a) AAD (b) AID (c) SAD (d) SID.

effective in characterizing the spectral features [34]. Thus, in
the following experiments, we omit the AAD and SAD results.
Fig. 5 compares the performance of different methods at various noise levels. We observe, again, that the proposed MVCNMF outperforms the others for all SNR cases. As the SNR
increases, both VCA-FCLS and MVC-NMF show improved
performance. However, it is not the case for PGNMF, which
keeps generating bad estimates no matter how clean the data
are. The reason is related to the ill-posedness of PGNMF,
which is the dominating factor that affects its performance.
5
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0.35
VCA−FCLS
PGNMF
MVC−NMF

VCA−FCLS
PGNMF
MVC−NMF

0.3

in between. The abundances of the selected endmembers are
then used to compute AID. Fig. 6 illustrates the unmixing
performance with different ĉ values. The abundance estimation results shown in Fig. 6(a) demonstrate that the best
performance of different methods occur when ĉ = c. As ĉ
deviates from c, the performances of VCA-FCLS and PGNMF
decrease accordingly. For the proposed MVC-NMF, the same
trend can be observed when ĉ < c. However, when ĉ > c,
MVC-NMF produces steady estimates regardless of the value
of ĉ. From the endmember extraction point of view, VCAFCLS renders comparably stable performance as illustrated in
Fig. 6(b). This outcome is inherently related to the essence of
the VCA scheme, which finds the extreme-valued pixels based
on geometrical projections. Thus, the identified extreme points
solely depend on the data distribution. On the other hand, the
proposed MVC-NMF aims at finding a convex hull to enclose
the data set. The shape of the convex hull is not only dependent
on the data distribution, but also affected by the estimated
number of endmembers, which determines the number of
extreme points of the convex hull. This dependence is much
obvious when ĉ < c as illustrated by the worse performance
of the NMF estimations in Fig. 6(b). When ĉ > c, the NMFbased methods yield better results compared with the cases
when ĉ < c. This phenomenon can be explained by inspecting
the endmember profiles. We have observed that among the
extracted ĉ endmembers, ĉ − c estimates are very similar with
the others, indicating that the true dimension of the estimated
endmembers is equal to c. Therefore, the increased ĉ does
not change the shape of the reconstructed convex hull very
much, which also explains why MVC-NMF generates steady
abundance estimations when ĉ > c. This example shows that
the success of MVC-NMF relies on the correct knowledge of
c.
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Fig. 5. Performance comparison at different noise levels in terms of (a) AID
(b) SID.

4) Sensitivity analysis to the estimated number of endmembers: For a given data set, the number of endmembers cannot
be estimated with 100% accuracy, especially when some of the
endmembers are less prevalent and only present in a small set
of pixels. Therefore, it is of importance to analyze the algorithm sensitivity to the estimated number of endmembers. For
this purpose, we create a synthetic image with 6 endmembers
and unmix the generated mixture using different numbers of
endmembers, varied from 3 to 9. Denote the actual number
of endmembers by c (c = 6) and the estimated value by ĉ
(ĉ = 3, 4, . . . , 9), we compare the extracted endmembers with
the corresponding closest real endmembers when ĉ < c. For
the situation of ĉ > c, we choose the c estimates which mostly
resemble the real endmembers and calculate the differences
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Fig. 6. Illustration of sensitivity to the estimated number of endmembers.
The actual number of endmembers is 6 (SNR=20dB). (a) AID (b) SID.

5) Generalization to larger numbers of endmembers: In this
experiment, the algorithm is evaluated with images containing
different numbers of endmembers. We vary the number of
endmembers from c = 3 to c = 10 and create a set of synthetic images. Fig. 7 illustrates the unmixing performance of
different methods, where the SID measures are the logarithmic
transforms given by y = log(1+x), with x denoting the actual
SID value and y the transformed result. This transformation is
used to suppress the big difference between the PGNMF and
the MVC-NMF estimates for better visual comparisons. As
can be seen that MVC-NMF provides the best performance for
images with different numbers of endmembers, while PGNMF
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displays the worst results. Examining the results of VCAFCLS and MVC-NMF, the AID measures increase slightly
as the number of endmembers present in the mixture data
increases, while the SID measures is less dependent of this
parameter by illustrating very similar results when different
numbers of endmembers are used.
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site has been extensively used for remote sensing experiments
since the 1980s, and many research work have been published
with high-accuracy ground truth available [11], [35], [36]; secondly, the Cuprite area is a relatively undisturbed hydrothermal
system with many well exposed minerals. More importantly,
some of the minerals are prevalent, while others are highly
mixed in a small set of pixels. The selected subscene is shown
in Fig. 9, which consists of 200 lines and 200 pixels per line.
To improve the unmixing performance, we have removed the
low SNR bands as well as the water vapor absorption bands
(including bands 1-2, 104-113, 148-167 and 221-224) from
the original 224-band data cube. So, a total of 188 bands are
used in the experiment.
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(a)

(b)

Fig. 7. Performance comparison when applied to images created by mixing
different numbers of endmembers (SNR=20dB) (a) AID (b) SID (The SID
plot displays the logarithmic transforms of actual values for better visual
comparisons).

6) Generalization to images containing pure pixel representations: Although the proposed method is motivated by
unmixing highly mixed images, it is important to study its
generalization to the mixture data containing pure pixels. For
this purpose, we take a 7 × 7 low pass filter to create synthetic
mixtures so that the created images contain pure pixels. The
experimental results are illustrated in Fig. 8. Similarly, the SID
results are displayed in terms of the logarithmic transforms.
Note that MVC-NMF generates the smallest mean and slightly
worse (in terms of AID) or the same (in terms of SID) standard
deviation as VCA-FCLS. This result leads to an important
conclusion that MVC-NMF is not specific for unmixing highly
mixed data. It can also produce reliable unmixing results when
applied to hyperspectral images containing pure pixels, which
further broadens the application domain of the proposed MVCNMF method.
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Fig. 8.
Performance comparison when the image contains pure pixels
(SNR=20dB) (a) AID (b) SID (The SID results are the logarithmic transforms
of actual measures).

V. E VALUATION W ITH R EAL I MAGE S CENE
In this section, we apply the MVC-NMF algorithm to real
hyperspectral data captured by the Airborne Visible/Infrared
Imaging Spectrometer (AVIRIS) over Cuprite, Nevada. The
AVIRIS sensor is a 224-channel imaging spectrometer with
approximately 10nm spectral resolution covering wavelengths
ranging from 0.4µm to 2.5µm. The spatial resolution is 20m.
We have chosen this test site for several reasons. First, this

Fig. 9.

Band 30 of the real hyperspectral scene

In order to evaluate the performance of MVC-NMF applied
to real hyperspectral scenes, we perform two comparisons:
the comparison between the extracted endmembers and the
laboratory spectra; and the comparison between the derived
abundance maps and the published results. For each detected
endmember, we find the closest match from the spectral library
based on the spectral correlation defined as
corr =

(â − β̂)T (al − β l )
kâ − β̂kkal − β l k

(34)

where â and al correspond to the estimated spectrum and the
library spectrum. Their mean values, denoted by β̂ and β l , are
subtracted from the original spectra to give accurate correlation
coefficients. The library spectrum with the highest correlation
is chosen as the best match. However, this correlation might
suffer from mismatch. To mitigate this drawback, we further
visually compare the derived abundance maps to the detailed
mineral maps provided in [36]. If an obvious mismatch occurs
during the finding of the closest signature from the spectral
library, we rely on the classification based on the abundance
distribution.
The estimated number of endmembers using the VD method
[28] is equal to c = 9. We use the VCA estimates as the
starting points for the MVC-NMF learning. The extracted
endmembers by VCA and MVC-NMF are shown in Fig. 10(a)
and (b), respectively. Fig. 10(c) displays the closest laboratory spectra to the MVC-NMF results. We have labelled
the endmember classes in Fig. 10(b), and the corresponding
unlabelled VCA spectra belong to the same mineral classes.
The comparisons of MVC-NMF and VCA in terms of spectral
angles between extracted endmembers and laboratory signatures are summarized in Table I. Quantitatively, MVC-NMF
generates smaller spectral angles than VCA in most cases,
which means its estimates better resemble the laboratory data.
By side-by-side visual comparison of the endmembers
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TABLE I
S PECTRAL ANGLES BETWEEN EXTRACTED ENDMEMBERS AND LIBRARY
SPECTRA BY MVC-NMF AND VCA

Sphene
Nontronite
Kaolinite
Montmorillonite
Chalcedony
Desert varnish
Alunite
Buddingtonite
Muscovite

MVC-NMF

VCA

4.22
7.22
7.16
8.42
6.86
7.01
3.52
3.95
2.34

5.54
7.58
5.29
7.28
9.54
18.41
5.45
7.45
8.53

extracted by both methods, we observe that they generally
identify similar minerals, such as the first six endmembers
viewed along the top-down direction. However, MVC-NMF
has the potential of providing better results and identifying less
prevalent minerals. Specifically, when comparing the Alunite
spectrum (the seventh endmember), we note that the VCA
estimate does not clearly show the characteristic absorption
features in the spectral range of 2300nm ∼ 2500nm, while the
MVC-NMF result shows better resemblance to the laboratory
spectrum. Of particular interest are the last two endmembers.
VCA identifies Kaolinite and Chalcedony, which are the same
mineral classes as the third and the fifth endmember, respectively. In other words, VCA only identifies seven endmembers
although the desired number of endmembers is c = 9. The
possible cause is that the mineral Kaolinite and Chalcedony
are both prevalent classes, making the data distribution prone
to these two endmembers. Therefore, it is very likely that more
than one extreme-valued pixel is close to these endmembers.
On the contrary, the proposed method derives two new classes,
Buddingtonite and Moscovite, which are close to the laboratory
spectra shown in Fig. 10(c).
Fig. 11 illustrates the estimated abundance maps. Compared
to the published geologic maps, these estimations present high
level of similarity to the published results. The last two maps
are of interest, in which the abundance maps present big values
in a small area and zero everywhere else. This observation
confirms that MVC-NMF is able to identify less prevalent
endmembers, which are, however, not detectable using VCA.
VI. C ONCLUSION AND F UTURE W ORK
This paper addressed a novel endmember extraction method
for highly mixed hyperspectral data without the pure pixel
assumption. Through the analysis of the connection between
the spectral unmixing analysis and the non-negative matrix
factorization, we developed an effective and promising constrained NMF algorithm for decomposing mixed pixels. The
experimental results with synthetic mixtures showed that the
introduced minimum volume constraint results in more accurate endmember estimates, thus more reliable abundance estimates as a direct benefit. A comparison with three advanced
algorithms from different perspectives was conducted, which
demonstrated that the proposed MVC-NMF outperforms all

(a)

(b)

(c)

Fig. 10. Comparison of endmember signatures extracted by (a) VCA, (b)
MVC-NMF, (c) The closest laboratory spectra to the MVC-NMF estimates.
The unlabelled VCA spectra belong to the same minerals as the corresponding
endmembers labelled in (b). Note that MVC-NMF detects Buddingtonite and
Muscovite that are not detectable using VCA. The order of spectra (from
up to down) has been rearranged for easier description instead of using the
detection order.
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Fig. 11. Abundance maps of different minerals estimated using MVC-NMF.
(a) Sphene (b) Nontronite (c) Kaolinite (d) Montnorillonite (e) Chalcedony
(f) Desert varnish (g) Alunite (h) Buddingtonite (i) Muscovite.

the other approaches compared. The volume constraint has
made the MVC-NMF learning less dependent on the initializations, robust to different levels of noise corruptions, less
sensitive to the estimated number of endmembers, and applicable to images containing larger number of endmembers as well
as those with pure pixel representations. The proposed method
has also been applied to a real hyperspectral scene collected by
the AVIRIS sensor. The experimental analyses have indicated
that MVC-NMF has the potential of providing more accurate
estimates and identifying less prevalent endmembers.
As with any newly developed techniques, there exist some
important issues that are in need of further research. First,
the current method utilizes all the image pixels during the
learning process, which involves heavy computation burden.
We suspect that the employment of the boundary pixels alone
would be able to generate comparable results. In the future
research, we will study how to identify the pixels on or
close to the boundary efficiently. In addition, efficient learning
algorithms should be investigated. The current learning is
gradient-based, which could be improved by adopting, for
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example, the second-order methods.
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